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Abstract

In this work, we determine the optimal control for free-radical methyl methacrylate polymerization using a bifunc-
tional initiator in a non-isothermal batch reactor. A detailed unsteady-state model of the process is employed. Four
different optimal control objectives are realized, each of which optimizes a given variable simultaneously with the spec-
ification of another. The first two objectives involve the maximization of monomer conversion in a specified operation
time, and the minimization of operation time for a specified, final monomer conversion. The last two objectives involve
the maximization of monomer conversion for specified, final number and weight average polymer molecular weights.
The temperature of heat-exchange fluid inside reactor jacket is considered as a control function of an independent var-
iable. To meet the specification of an optimization variable other than time, the differential model of batch process is
derived in the range of specified variable. Equations are provided for Jacobian evaluations to help in the accurate solu-
tion of process model. A genetic algorithms-based optimal control method is applied to realize the four optimal control
objectives. The results show that optimal control can significantly enhance the performance of the batch polymerization
process.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Poly(methylmethacrylate) or PMMA is a transparent
thermoplastic, which is extensively used in manufactur-
ing industry because of its high resistance to ultraviolet
degradation and corrosion. PMMA is generally pro-
duced by the free radical polymerization of methyl meth-
acrylate (MMA) in batch reactors, which are easily
adaptable to production demands, and are simple to
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operate. The performance of batch reactors can be en-
hanced by optimizing various process parameters that
are available for manipulation. Some of these parame-
ters, e.g. the temperature of heat-exchange fluid, can
be varied with time in an optimal fashion to achieve
what is known as the optimal control of a process. In
general, the optimal control of process denotes off-line
determination of optimization function(s), the online
application of which would achieve a desired objective.
It must be noted that optimal control, also referred as
dynamic optimization, is neither the usual (closed loop)
process control nor optimization, which involves vari-
ables but not functions as optimization parameters.
ed.
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Nomenclature

A heat transfer area, m2

Cp specific heat of reactant mixture, J/g K
f efficiency of initiator
i concentration of initiator, mol/L
i0 initial i, mol/L
i� normalized i

I initiator
J performance index
Kd1 rate coefficient of chemical initiation,

min�1

Kd2 rate coefficient of chemical initiation
with undecomposed radical, min�1

Kp rate coefficient of propagation, L/mol
min

Kt rate coefficient of termination, L/mol
min

Kt,c rate coefficient of termination by com-
bination, L/mol min

Kt,d rate coefficient of termination by dis-
proportionation, L/mol min

Ktf,m rate coefficient of chain transfer to
monomer, L/mol min

Ktf,s rate coefficient of chain transfer to sol-
vent, L/mol min

Ktf,z rate coefficient of chain transfer to
inhibitor, L/mol min

m monomer concentration, mol/L
m0 initial m, mol/L
m� normalized m

m� f final m�
M monomer
Mn number average molecular weight,

g/mol
Mn;f final, specified Mn, g/mol

Mw weight average molecular weight, g/mol

Mw;f final, specified Mw, g/mol
Mm monomer molecular weight, g/mol
Pl dead polymer of chain length leP l dead polymer of chain length l, with

one undecomposed peroxideeeP l dead polymer of chain length l, with
two undecomposed peroxide

R�
in initiator radicaleR�
in initiator radical with one undecom-

posed peroxide
R�
l radical of chain length l

eR�
l radical of chain length l, with one

undecomposed peroxide
R�
k radical of chain length keR�
k radical of chain length k, with one

undecomposed peroxide
s solvent concentration, mol/L
s0 initial s, mol/L
s� normalized s

S solvent
t time, min
tf final, specified operation time, min
T temperature of reactants (or reactor),

�C
T0 initial T, �C
Tmax upper limit to T, �C
T� normalized T

Tj temperature of heat exchange fluid in
reactor jacket, �C

Tj,max upper limit to Tj, �C
Tj,min lower limit to Tj, �C
U heat transfer coefficient for reactor wall

and jacket, J/m2 min K
V volume of reactants inside reactor, L
V0 initial V, L
V� normalized V

X monomer conversion, %
Xf specified, final X
yj jth state variable
z concentration of inhibitor, mol/L
z0 initial z, mol/L
z� normalized z

Z inhibitor
ZÆ inactive inhibitor radical

Greek symbols

�DH heat of polymerization, J/mol
kj jth moment of live polymer radical
k�j normalized kj
~kj jth moment of live polymer radical with

one undecomposed peroxide
~k�j normalized ~kj
lj jth moment of dead polymer
l
�j normalized lj

~lj
jth moment of dead polymer with one
undecomposed peroxide

~l
�j normalized ~lj
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~~lj
jth moment of dead polymer with two
undecomposed peroxide

~~l
�j normalized ~~lj
l0 parameter used to normalize radical

and polymer moments

qm monomer density, g/L
qp polymer density, g/L
qs solvent density, g/L
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The application of optimization function(s) is unique
to optimal control, and provides extreme flexibility and
enhanced capabilities to realize process objectives with
greater performance. Together with the increase in com-
puting power, and the development of more efficient
optimal control techniques, research in the optimal con-
trol of industrial processes has begun to gain promi-
nence.

It was established very early [1,2] that the perfor-
mance of batch reactors, and their product properties
depend strongly on reaction temperature. Many optimal
control studies on batch reactors [3–6] have determined
optimal temperatures, and provided deeper insights into
reactor design, and optimal reactor performance. In case
of batch polymerization, many researchers [7–10] have
applied optimal control for the minimization of opera-
tion time, and the production of polymer with desired
number and weight average molecular weights.

In the present study, we focus on the optimal control
of the batch polymerization of MMA. The optimal con-
trol for the batch polymerization of MMA was first
examined by King and Skaates [11]. They used trial and
error simulations based on steady-state hypothesis for
radical concentration, and an empirical gel effect model
for bulk polymerization. Considering jacket temperature
as a two-step control function of time, they determined
optimal step-switching times under the constraints of
10%MMA conversion, and a specified maximum reactor
temperature. Since then, several studies have been under-
taken on the optimal control problem for MMA [12]. In
general, these studies apply the calculus of variation on
simplified and workable polymerization models to deter-
mine optimal control policies (i.e. functions of time) such
as temperature, initiator and monomer concentrations.
These policies optimize different variables, e.g. operation
time, final monomer conversion, polymer molecular
weight and polydispersity, subject to various constraints
on process and polymer property.

An interesting study is by Ponnuswamy et al. [13],
who determined as well as experimentally tested the
optimal control policies for semi-batch MMA polymer-
ization. They used the calculus of variation based on a
simplified polymerization model to determine (i) optimal
initiator concentration policy to minimize operation
time, and (ii) optimal reaction temperature policies to
minimize polydispersity. Final monomer concentration,
and number average polymer molecular weight were
specified as process constraints. Although experimental
results generally agreed with optimal control predic-
tions, discrepancies in number average polymer mole-
cular weights were observed, thereby indicating the
limitations of the simplified polymerization model
employed.
There have been some optimal control studies on

batch MMA polymerization using innovative ap-
proaches. Chang and Lai [8] proposed a two-step opti-
mal control method, which first calculates number
average degree of polymerization based on a final spec-
ification, and then uses a steady-state polymerization
model to determine optimal control with non-linear pro-
gramming. They applied this method for the optimal
control of MMA polymerization in a batch reactor for
specified final monomer conversion, number average de-
gree of polymerization, and polydispersity. Tian et al.
[14] used neural networks to determine optimal temper-
ature policy for specified number average molecular
weight, monomer conversion, and polydispersity for
a batch MMA polymerization reactor. Chakravarthy
et al. [15] optimally determined the reaction temperature
as a control function of time for the bulk, batch poly-
merization of MMA with a monofunctional initiator.
The composite objective was the weighted sum of oper-
ation time, and penalties on final monomer conversion
and the number average polymer molecular weight with
respect to their targeted values. In addition to Pontrya-
gin�s principle, the authors applied simple genetic algo-
rithms [16] with restrictions on each discrete reaction
temperature value (except the initial one) initially ran-
domized around the preceding temperature value.
Splines fitted on such values were used to obtain candi-
dates for reaction temperature policies without extreme
variations. Crossover operations were suitably restricted
according to the number of discrete temperature values
corresponding to the operation time. In another interest-
ing study, Mankar et al. [17] applied realtime optimal
control based on genetic algorithms to recover the bulk
polymerization of MMA from a planned disturbance.
In this work, we determine the optimal control of free

radical, solution polymerization of MMA with a bifunc-
tional initiator. The temperature of heat exchange fluid
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inside the jacket of reactor is used as a control function
of time, or any specified independent variable depending
on the objective. A detailed unsteady-state process
model including the variation of temperature as well as
reactor volume is used. Benzene is used as a solvent,
and N,N0-bis[(4-t-butylazo-4-cyanovaleryl)oxyethyl]-azo-
bis-formamide is used as a bifunctional initiator. This
initiator is very useful in obtaining high initiation rates,
and high polymer molecular weights [18]. A robust opti-
mal control method based on genetic algorithms [19] is
used to determine optimal control policies. This method
iteratively uses genetic algorithms meshed with the size-
variation of control function domain on logarithmic and
linear scales, and has been successfully tested on chal-
lenging optimal control problems including polymeriza-
tion [19,20].

Following are the main contributions presented in
this work:

1. the determination of optimal control policies by suit-
ably transforming the differential process model so
that the independent variable is the one specified at
the end of process. (This enables an additional para-
meter to be simultaneously optimized, and wider
operation choices with four different objective func-
tions realized in this work.)

2. the first time derivation and use of an unsteady-state
process model based on previously used MMA poly-
merization kinetics with bifunctional initiation. (The
reaction kinetics has been used in the past with
pseudo-steady-state approximation only.)

3. the procedure to evaluate analytical Jacobians for the
accurate solution of stiff differential process model.

Four different optimal control objectives are employed
to enhance the performance of the batch MMA poly-
merization. Each objective optimizes a variable along
with the specification or satisfaction of another. The
objectives are: (i) maximization of monomer conversion
in a specified operation time, (ii) minimization of opera-
tion time for specified, final monomer conversion, (iii)
maximization of monomer conversion for a specified,
final number average polymer molecular weight, and
(iv) maximization of monomer conversion for a speci-
fied, final weight average polymer molecular weight.
The temperature of heat-exchange fluid inside reactor
jacket is used as a control function, which influences
the temperature of reaction mixture.
2. Mathematical model

A detailed mathematical model is provided below for
the batch polymerization of MMA in a non-isothermal
batch reactor using a bifunctional initiator. Based on
the reaction kinetics presented in Appendix A, the model
comprises the equations of change of volume (V) and
temperature (T) of reactants, the concentrations of
monomer (m), initiator (i), solvent (s), inhibitor (z),
and of the first three moments of regular radicals
(k0,k1,k2), radicals with one undecomposed peroxide
ð~k0; ~k1; ~k2Þ, regular dead polymer molecules (l0,l1,l2),
and dead polymer molecules with one and two unde-
composed peroxides (~l0; ~l1; ~l2 and ~~l0; ~~l1; ~~l2). The equa-
tions are based on a free radical polymerization reaction
mechanism given in Appendix A. The symbols in follow-
ing expressions are defined in Nomenclature. The devel-
oped model that follows is very rigorous, and therefore
is expected to yield better agreement between predictions
and experimental results.

dV
dt

¼ �Kpmðk0 þ ~k0ÞVMm

1

qp
� 1

qm

" #
ð1Þ

dT
dt

¼ �DHKpmðk0 þ ~k0Þ
qCp

� UAðT � T cÞ
V qCp

ð2Þ

dm
dt

¼ �Kpmðk0 þ ~k0Þ �
m
V
dV
dt

ð3Þ

di
dt

¼ 2Kd1i�
i
V
dV
dt

ð4Þ

ds
dt

¼ �K tf ;ssðk0 þ ~k0Þ �
s
V
dV
dt

ð5Þ

dz
dt

¼ �K tf ;zzðk0 þ ~k0Þ �
z
V
dV
dt

ð6Þ

For moments of regular radicals:

dk0
dt

¼ 2f 1Kd1iþ 2f2Kd2ð~l0 þ ~~l0Þ � K tk0ðk0 þ ~k0Þ

þ ðK tf ;mmþ K tf ;ssÞ~k0 � K tf ;zzk0 �
k0
V
dV
dt

ð7Þ

dk1
dt

¼ 2f 1Kd1iþ f2Kd2ð~l0 þ ~l1 þ 2~~l0Þ þ Kpmk0

� K tk1ðk0 þ ~k0Þ þ ðK tf ;mmþ K tf ;ssÞðk0 � k1 þ ~k0Þ

� K tf ;zzk1 �
k1
V
dV
dt

ð8Þ

dk2
dt

¼ 2f 1Kd1iþ f2Kd2ð~l0 þ ~l2 þ 2~~l0Þ þ Kpmðk0 þ 2k1Þ

� K tk2ðk0 þ ~k0Þ þ ðK tf ;mmþ K tf ;ssÞðk0 � k2 þ ~k0Þ

� K tf ;zzk2 �
k2
V
dV
dt

ð9Þ

For moments of radicals with one undecomposed
peroxide:

d~k0
dt

¼ 2f 1Kd1iþ 2f 2Kd2
~~l0 � K t

~k0ðk0 þ ~k0Þ

� ðK tf ;mmþ K tf ;ssþ K tf ;zzÞ~k0 �
~k0
V
dV
dt

ð10Þ
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d~k1
dt

¼ 2f 1Kd1iþ 2f 2Kd2
~~l1 þ Kpm~k0 � K t

~k1ðk0 þ ~k0Þ

� ðK tf ;mmþ K tf ;ssþ K tf ;zzÞ~k1 �
~k1
V
dV
dt

ð11Þ

d~k2
dt

¼ 2f 1Kd1iþ 2f 2Kd2
~~l2 þ Kpmð~k0 þ 2~k1Þ

� K t
~k2ðk0 þ ~k0Þ � ðK tf ;mm~k2 þ K tf ;ssþ K tf ;zzÞ~k2

�
~k2
V
dV
dt

ð12Þ

For moments of dead polymer molecules:

dl0
dt

¼ K t;ck
2
0

2
þ K t;dk0ðk0 þ ~k0Þ þ ðK tf ;mmþ K tf ;ss

þ K tf ;zzÞk0 �
l0
V
dV
dt

ð13Þ

dl1
dt

¼ K t;ck0k1 þ K t;dk1ðk0 þ ~k0Þ þ ðK tf ;mmþ K tf ;ss

þ K tf ;zzÞk1 �
l1
V
dV
dt

ð14Þ

dl2
dt

¼ K t;cðk0k2 þ k21Þ þ K t;dk2ðk0 þ ~k0Þ þ ðK tf ;mm

þ K tf ;ssþ K tf ;zzÞk2 �
l2
V
dV
dt

ð15Þ

For moments of dead polymer molecules with one un-
decomposed peroxide molecule:

d~l0
dt

¼ �Kd2~l0 þ K t;ck0~k0 þ K t;d
~k0ðk0 þ ~k0Þ

þ ðK tf ;mmþ K tf ;ssþ K tf ;zzÞ~k0 �
~l0
V
dV
dt

ð16Þ

d~l1
dt

¼ �Kd2~l1 þ K t;cðk0~k1 þ k1~k0Þ þ K t;d
~k1ðk0 þ ~k0Þ

þ ðK tf ;mmþ K tf ;ssþ K tf ;zzÞ~k1 �
~l1
V
dV
dt

ð17Þ

d~l2
dt

¼ �Kd2~l2 þ K t;cðk2~k0 þ 2k1~k1 þ k0~k2Þ

þ K t;d
~k2ðk0 þ ~k0Þ þ ðK tf ;mmþ K tf ;ss

þ K tf ;zzÞ~k2 �
~l2
V
dV
dt

ð18Þ

For moments of dead polymer molecules with two unde-
composed peroxide molecules:

d~~l0
dt

¼ �2Kd2
~~l0 þ

K t;c
~k
2

0

2
�

~~l0
V
dV
dt

ð19Þ

d~~l1
dt

¼ �2Kd2
~~l1 þ K t;c

~k0~k1 �
~~l1
V
dV
dt

ð20Þ

d~~l2
dt

¼ �2Kd2
~~l2 þ K t;cð~k0~k2 þ ~k

2

1Þ �
~~l2
V
dV
dt

ð21Þ
Let us define normalized state variables as

V� ¼ 1� V

V 0
; T� ¼ 1� T þ 273.15

T 0 þ 273.15
;

m� ¼ 1� m
m0

; i� ¼ 1� i
i0
; s� ¼ 1� s

s0
;

z� ¼ 1� z
z0
; k

�j ¼ 1� kj

l0
; ~k

�j ¼ 1�
~kj

l0
;

l
�j ¼ 1�

lj

l0
; ~~l

�j ¼ 1�
~lj

l0
; ~~l

�j ¼ 1�
~~lj

l0
;

j ¼ 0; 1; 2 ð22Þ
where V 0, T 0, m0, i 0, s0 and z0 are the initial values of V,
T, m, i, s and z, respectively, and l0 is a parameter used
to normalize radical and polymer moments. Then the
equations of change for the normalized state variables
are given by

dy
� j

dt
¼

� 1

y0j

dyj
dt

; if y0j 6¼ 0

0; if y0j ¼ 0

8><>:
9>=>;; j ¼ 0; 1; 2; . . . ; 20

ð23Þ
where y

�j is the normalized form of a state variable, yj,
with the normalization factor, y0j .
3. Optimal control objectives

Based on the above mathematical model, four differ-
ent optimal control objectives for batch MMA polymer-
ization are presented in this section. The temperature of
heat-exchange fluid in reactor jacket (or ‘‘jacket temper-
ature’’) is considered as a control function of a specified
parameter. An inequality constraint in the form of an
upper limit to the temperature of reactants is enforced as

T 6 Tmax ð24Þ

There are two additional inequality constraints in the
form of lower and upper limits to jacket temperature, i.e.,

T j;min 6 T j 6 T j;max ð25Þ
3.1. Objective 1

The optimal control objective is to determine the con-
trol policy for jacket temperature that would maximize
monomer conversion in a specified batch operation time
(tf), i.e., the performance index,

J
max

¼ X ðtfÞ ¼ X f ð26Þ

In Eq. (26), X is monomer conversion given by

X ¼ 1� mV

m0V 0
¼ 1� ð1� m�Þð1� V�Þ ð27Þ

This objective requires the satisfaction of Eqs. (1)–(7),
(10), (13), (16) and (19); or their normalized form given
by Eq. (23).
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3.2. Objective 2

The optimal control objective is to determine the con-
trol policy for jacket temperature that would minimize
operation time for a specified, final monomer conversion
expressed in terms of fractional reduction in monomer
concentration ðm� fÞ, i.e., the performance index,

J
min

¼ tðm� fÞ ¼ tf ð28Þ

This objective requires the transformation of Eqs. (1)–
(21) so that the independent variable is the fractional
reduction in monomer concentration ðm�Þ. The trans-
formed equations are given by

dt
dm�

¼
dm�
dt

� ��1
for j ¼ 2 ð29Þ

dy
� j

dm�
¼

dm�
dt

� ��1 dy
� j

dt
; j ¼ 0; 1; 3; 4; . . . ; 20 ð30Þ

with time as a new state variable.

3.3. Objective 3

The optimal control objective is to determine the con-
trol policy for jacket temperature that would maximize
monomer conversion for a specified, final weight average
polymer molecular weight ðMn;fÞ, i.e., the performance
index,

J
max

¼ X ðMn;fÞ ¼ X f ð31Þ

This objective requires the satisfaction of Eqs. (1)–(21)
after their transformation so that the independent vari-
able is number average polymer molecular weight
ðMnÞ. The transformed equations are given by

dy
� j

dMn

¼ dMn

dt

� ��1 dy
� j

dt
; j ¼ 0; 1; . . . ; 20 ð32Þ

where

Mn ¼ Mm
l1 þ ~l1 þ ~~l1 þ k1 þ ~k1
l0 þ ~l0 þ ~~l0 þ k0 þ ~k0

 !
ð33Þ

dMn

dt
¼ Mml0

l0 þ ~l0 þ ~~l0 þ k0 þ ~k0


 Mn

dl
�0

dt
þ
d~l

�0

dt
þ
d~~l

�0

dt
þ
dk
�0

dt
þ
d~k
�0

dt

 !"

�
dl

�1

dt
þ
d~l

�1

dt
þ
d~~l

�1

dt
þ
d~k
�1
dt~k

�1

dt

 !#
ð34Þ
The additional equation of change for time as a state
variable is given by

dt

dMn

¼ dMn

dt

� ��1
for j ¼ 21 ð35Þ
3.4. Objective 4

The optimal control objective is to determine the con-
trol policy for jacket temperature that would maximize
monomer conversion for a specified, final weight average
polymer molecular weight ðMw;fÞ, i.e., the performance
index,

J
max

¼ X ðMw;fÞ ¼ X f ð36Þ

This objective requires the satisfaction of Eqs. (1)–(21)
after their transformation so that the independent vari-
able is weight average polymer molecular weight ðMwÞ.
The transformed equations are given by

dy
� j

dMw

¼ dMw

dt

� ��1 dy
� j

dt
; j ¼ 0; 1; . . . ; 20 ð37Þ

where

Mw ¼ Mm

l2 þ ~l2 þ ~~l2 þ k2 þ ~k2
l1 þ ~l1 þ ~~l1 þ k1 þ ~k1

 !
ð38Þ

dMw

dt
¼ Mml0

l1 þ ~l1 þ ~~l1 þ k1 þ ~k1


 Mw

dl
�1

dt
þ
d~l

�1

dt
þ
d~~l

�1

dt
þ
dk
�1

dt
þ
d~k
�1

dt

 !"

�
dl

�2

dt
þ
d~l

�2

dt
þ
d~~l

�2

dt
þ
dk
�2

dt

d~k
�2

dt

 !#
ð39Þ

The additional equation of change for time as a state
variable is given by

dt

dMw

¼ dMw

dt

� ��1
for j ¼ 21 ð40Þ

For Objectives 2–4, the above transformations of the
process model, Eqs. (1)–(21), enable its integration in
the range of a specified independent variable (which is
not time) up to its specified, final value.
4. Integration of batch process model

The four optimal control objectives described above
require the integration of corresponding equations of
change with different independent variables (t;m� ;Mn

andMw) for performance index evaluations. These equa-
tions are very stiff and non-linear. In this work, they
were numerically integrated using semi-implicit Bader–
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Deuflhard algorithm, and adaptive step-size control [21].
Analytical Jacobians were employed for integration. The
equations to evaluate the elements of Jacobian corre-
sponding to each optimal control objective are provided
in the next section.

4.1. Equations to evaluate Jacobians

Equations for the analytical evaluation of Jacobian
are for normalized state variables, and time (for Objec-
tives 2–4) with respect to the independent variable
depending on an optimal control objective. Using the
start-up values, y0j , and the basic Jacobian elements,

d

dyk

dyj
dt

� �
, the Jacobian elements are sequentially calcu-

lable as described below.

4.1.1. Jacobian for Objective 1

For all state variables, the elements of the Jacobian
are given by

d

dy
�k

dy
� j

dt

 !
¼

y0k
y0j

d

dyk

dyj
dt

� �
; if y0j > 0

0; if y0j ¼ 0

8><>:
9>=>;;

j; k ¼ 0; 1; 2; . . . ; 20 ð41Þ

Eq. (41) is same for other optimal control objectives
until the independent variable of Eqs. (1)–(21), which
initially is time, is changed to m� ; Mn and Mw for
Objectives 2, 3 and 4, respectively. Time then becomes
a new state variable. For this transformation, the new
independent variable must be non-zero. The Jacobians
for Objectives 2–4 are then sequentially calculable as
follows:

4.1.2. Jacobian for Objective 2

The Jacobian elements for time, corresponding to
j = 0, are given by

d

dt
dt
dm�

0@ 1A ¼ 0 for k ¼ 2 ð42Þ

d

dy
�k

dt
dm�

0@ 1A ¼ �m0y0k
dm
dt

� ��2
d

dyk

dm
dt

� �
;

k ¼ 0; 1; 3; 4 . . . ; 20 ð43Þ

The Jacobian elements for remaining state variables,
corresponding to j = 0,1,3,4, . . ., 20, are given by

d

dy
�k

dy
� j

dm�

0@ 1A ¼ � 1

y0j

dyj
dt

d

dy
�k

dt
dm�

0@ 1Aþ a;

k ¼ 0; 1; . . . ; 20 ð44Þ
In Eq. (44),

a ¼ �m0 dm
dt

� ��1 y0k
y0j

d

dyk

dyj
dt

� �
; if y0j > 0

0; if y0j ¼ 0

8<: ð45Þ
4.1.3. Jacobian for Objective 3

Let Mn correspond to j = 21 before the transforma-
tion of the independent variable. Then the basic Jaco-
bian elements for Mn are given by

d

dMn

dMn

dt

� �
¼ 0 for k ¼ 21 ð46Þ

d

dyk

dMn

dt

� �
¼ Mm

l0 þ ~l0 þ ~~l0 þ k0 þ ~k0

"
d

dyk

dl1
dt

� �
þ d

dyk

d~l1
dt

� �
þ d

dyk

d~~l1
dt

� �
þ d

dyk

dk1
dt

� �
þ d

dyk

d~k1
dt

 !#
� MmMn

l0 þ ~l0 þ ~~l0 þ k0 þ ~k0



"
d

dyk

dl0
dt

� �
þ d

dyk

d~l0
dt

� �
þ d

dyk

d~~l0
dt

� �
þ d

dyk

dk0
dt

� �
þ d

dyk

d~k0
dt

 !#
þ b0;

k ¼ 0; 1; . . . ; 20 ð47Þ
In Eq. (47),

b0¼
�Mm

ðl0þ ~l0þ ~~l0þk0þ~k0Þ2
dl1
dt

þd~l1
dt

þd
~~l1
dt

þdk1
dt

þd
~k1
dt

 !"

�2Mn
dl0
dt

þd~l0
dt

þd
~~l0
dt

þdk0
dt

þd
~k0
dt

 !#
for yk ¼l0; ~l0; ~~l0; k0;~k0

�Mm

ðl0þ ~l0þ ~~l0þk0þ~k0Þ2
dl0
dt

þd~l0
dt

þd
~~l0
dt

þdk0
dt

þd
~k0
dt

 !
for yk ¼l1;~l1;~~l1;k1;~k1

0; for remaining yks

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
ð48Þ

After the transformation of the independent variable to
Mn, time becomes a new state variable (refer Eq. (35)).
The Jacobian elements for time, corresponding to
j = 21, are given by

d

dy
�k

dt

dMn

� �
¼ y0k

dMn

dt

� ��2
d

dyk

dMn

dt

� �
; k ¼ 0; 1; . . . ; 20

ð49Þ

d

dt
dt

dMn

� �
¼ 0 for k ¼ 21 ð50Þ

The Jacobian elements for remaining state variables,
corresponding to j = 0,1, . . ., 20, are given by
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d

dy
�k

dy
� j

dMn

 !
¼ � 1

y0j

dyj
dt

d

dy
�k

dt

dMn

� �
þ c0;

k ¼ 0; 1; 2; . . . ; 20 ð51Þ

d

dt

dy
� j

dMn

 !
¼ 0 for k ¼ 21 ð52Þ

In Eq. (51),

c0 ¼
dMn

dt

� ��1
y0k
y0j

d

dyk

dyj
dt

� �
; if y0j > 0

0; if y0j ¼ 0

8><>: ð53Þ
4.1.4. Jacobian for Objective 4

Let Mw correspond to j = 21 before the transforma-
tion of the independent variable. Then the basic Jaco-
bian elements for Mw are given by

d

dMw

dMw

dt

� �
¼ 0 for k ¼ 21 ð54Þ

d

dyk

dMw

dt

� �
¼ Mm

l1 þ ~l1 þ ~~l1 þ k1 þ ~k1

"
d

dyk

dl2
dt

� �
þ d

dyk

d~l2
dt

� �
þ d

dyk

d~~l2
dt

� �
þ d

dyk

dk2
dt

� �
Table 1
Model parameters used in calculations

Parameter Value or expression

f 0.6
i 0, mol/L 4.13 · 10�2

m0, mol/L 1.7648
s0, mol/L 8.4692
T 0, �C 70 (Objectives 1 and 2), 0 (Obje
Tmax, �C 80
Tj,max, �C 120
Tj,min, �C 4 (Objectives 1 and 2), �20 (Ob
V 0, L 1
z0, mol/L 10�5

l0 10�6

Ktf,s, L/mol min 1.58 · 10�5Kp
Ktf,z, L/mol min 106Kp
Mm, g/mol 100.12 (for MMA)
Ms, g/mol 78.11 (for benzene)

Kd1, Kd2, min
�1 3 · 1011exp[�1.1299 · 104/(T +

UA, J/min K 6.5475 · 102

�DH, J/mol 5.546 · 104

Ktf,m, L/mol min 5.358 · 10�2 exp[�1.1273 · 103/(

qm, g/L 309.85 · 0.25357�[1�(T + 273.15)/5

qs, g/L 300.9 · 0.2677�[1�(T + 273.15)/562.1

Cp, J/g K 4.2416 · 103 + 1.08 · 102(T + 27
· 10�1(T + 273.15)2 + 3.7804 ·

qp, g/L 1.18 · 103�(T + 273.15)
þ d

dyk

d~k2
dt

 !#
� MmMw

l1 þ ~l1 þ ~~l1 þ k1 þ ~k1



"
d

dyk

dl1
dt

� �
þ d

dyk

d~l1
dt

� �
þ d

dyk

d~~l1
dt

� �

þ d

dyk

dk1
dt

� �
þ d

dyk

d~k1
dt

 !#
þ b1;

k ¼ 0; 1; 2; . . . ; 20 ð55Þ

In Eq. (55),

b1¼
�Mm

ðl1þ ~l1þ ~~l1þk1þ~k1Þ2
dl2
dt

þd~l2
dt

þd
~~l2
dt

þdk2
dt

þd
~k2
dt

 !"

�2Mw
dl1
dt

þd~l1
dt

þd
~~l1
dt

þdk1
dt

þd
~k1
dt

 !#
for yk ¼l1;~l1;~~l1;k1;~k1

�Mm

ðl1þ ~l1þ ~~l1þk1þ~k1Þ2
dl1
dt

þd~l1
dt

þd
~~l1
dt

þdk1
dt

þd
~k1
dt

 !
for yk ¼ l2;~l2;~~l2;k2;~k2

0; for remaining yks

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
ð56Þ

After the transformation of the independent variable to
Mw, time becomes a new state variable (refer Eq. (40)).
The Jacobian elements for time, corresponding to
j = 21, are given by
Source

This study

ctives 3 and 4)

jectives 3 and 4)

273.15)] Simionescu et al. [18]
Villalobos et al. [22]
Brandrup et al. [23]

T + 273.15)] Kalfas et al. [24]

64]0.28571 Yaws [25]
6]0.2818

3.15)�3.1588
10�4(T + 273.15)3

Ahn et al. [26]
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d

dy
�k

dt

dMw

� �
¼ y0k

dMw

dt

� ��2
d

dyk

dMw

dt

� �
; k ¼ 0;1; . . . ;20

ð57Þ

d

dt
dt

dMw

� �
¼ 0 for k ¼ 21 ð58Þ

The Jacobian elements for remaining state variables,
corresponding to j = 0,1, . . ., 20, are given by

d

dy
�k

dy
� j

dMw

 !
¼� 1

y0j

dyj
dt

d

dy
�k

dt

dMw

� �
þ c1; k ¼ 0;1; . . . ;20

ð59Þ

d

dt

dy
� j

dMw

 !
¼ 0 for k ¼ 21 ð60Þ

In Eq. (59),

c1 ¼
dMw

dt

� ��1
y0k
y0j

d

dyk

dyj
dt

� �
; if y0j > 0

0; if y0j ¼ 0

8><>: ð61Þ

For the integration of equations of change, l0 was ad-
justed so that the difference between the value of inde-
pendent variable (e.g. Mn or Mw), and that calculated
using other state variables (e.g. from Eq. (33) or (38))
is negligible. For Objectives 2–4, the transformation of
process model was done as soon as the new independent
variable achieved a finite value lying within the first
stage of optimal control.

Various parameters used in calculations are provided
in Table 1. The gel effect models for propagation and
termination rate coefficients are provided in Appendices
B and C, respectively. The reactants for polymerization
are the MMA (monomer), N,N 0-bis[(4-t-butylazo-4-
cyanovaleryl)oxyethyl]-azo-bis-formamide (bifunctional
initiator), benzene (solvent), and trace amount of some
impurity (inhibitor). The product is the polymer, poly-
(MMA). No experimental data are available for the free
radical polymerization of MMA using bifunctional initi-
ator. As such, we will compare the results of optimal
control with the base case simulation of batch MMA
polymerization with bifunctional initiator at a constant
reaction temperature of 70 �C. This isothermal tempera-
ture of base case is one of the normally considered tem-
peratures for MMA polymerization.
5. Optimal control method

The mathematical model presented above for the
batch polymerization of MMA is highly non-linear. Fur-
thermore, due to the inequality constraints of Eqs. (24)
and (25), the relation between the performance index
and jacket temperature for Objectives 1–4 would not
necessarily be unimodal and continuous for the four
optimal control objectives.
To realize these difficult objectives, a robust optimal

control method based on genetic algorithms [19] was ap-
plied. This optimal control method iteratively uses the
three genetic operations of selection, crossover and
mutation in the size-varying domain of control function
with logarithmic and linear mappings. The method does
not require any input of feasible control solution, or any
auxiliary condition. This method has been successfully
applied earlier for the optimal control of ethylene poly-
merization in an industrial tubular reactor [20]. Further
details of this method may be found in Upreti [19].
In this work, the temperature of heat-exchange fluid

inside reactor jacket (or jacket temperature) was em-
ployed as a control function of specified independent
variable. Based on numerical experiments, the number
of control stages or step values was optimally selected
with respect to the quality of optimal result as well
as computation time for a single run of optimal control
algorithm. The optimal results obtained with less than
five steps were inferior than those with five steps. On
the other hand, the results with more than five steps in-
creased the computation time (with a 3.06 GHz per-
sonal computer having 1 GB random access memory)
to more than a week, but with marginal improvements.
Hence, jacket temperature was considered to be a series
of five discrete step values equispaced in the range of
independent variable. The number of step values, the
mathematical model of bulk, batch polymerization
reactor with its parameters, and the process constraints
of Eqs. (24) and (25) were input to the optimal control
method. These inputs are needed to evaluate the per-
formance index for a given control function. The appli-
cation of the method yielded an optimal control
function through the stochastic application of genetic
operators on a randomly generated set of control func-
tions constrained by Eq. (25). Since the method gener-
ates optimal control functions within the control
domain, the constraints of Eq. (25) are satisfied auto-
matically. The method eliminates any control function
for which any other process constraint (Eq. (24) in this
application) is violated during the evaluation of corre-
sponding performance index.
6. Results

The optimal control results for the four objectives are
summarized and compared with the base case in Table 2.
Note that the specified values of average polymer molec-
ular weights in Objectives 3 and 4 are simply not attain-
able in base case.



Table 2
Summary of optimal control results

Objective Specification J in base case Optimal J % Improvement in J

1 tf = 100 min Xf = 65.9% X f
max

¼ 85.6% 30

2 Xf = 70% tf = 111.9 min tf
min

¼ 63.9 min 43

3 Mn;f ¼ 6.7
 104 Not attainable X f
max

¼ 67.9% –

4 Mw;f ¼ 1.5
 105 Not attainable X f
max

¼ 49.7% –
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6.1. Results for Objective 1

The optimal jacket temperature policy was deter-
mined, which maximizes final monomer (MMA) conver-
sion during the specified batch polymerization time of
100 min. Fig. 1 shows the optimal policy, which maxi-
mizes final monomer conversion to 85.6%. This value
is about 30% higher than the monomer conversion in
base case. The figure also shows how the temperature
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policy gets improved with the iterations of the optimal
control method. It is observed that the optimal policy
reaches close to the maximum allowable reactor temper-
ature of 80 �C.

Fig. 2 shows the change in optimal reactor tempera-
ture, and monomer conversion with time, which corre-
spond to the optimal jacket temperature policy.
Corresponding variables for base case are also shown
in the figure. It is observed that optimal reactor temper-
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ature increases very quickly, and gets close to its upper
limit of 80 �C in less than 10 min. In the following time,
the temperature is observed to be in phase with the opti-
mal jacket temperature (Fig. 1) in the lower vicinity of
its upper limit. This fact indicates that high reaction
temperatures are needed in all control stages in order
to increase overall polymerization, and achieve high
monomer conversion. This behavior shows the strong
influence of jacket temperature on reaction temperature,
and explains why optimal jacket temperature does not
surpass the upper limit of reactor temperature. The
proximity of optimal reactor temperature to optimal
jacket temperature is governed by the overall heat trans-
fer coefficient used in this work, and is specific to the
reactor configuration modeled and simulated earlier
[27]. For the reactor with a lower value of heat transfer
coefficient and consequently greater heat accumulation
in an exothermic polymerization, the optimal jacket
0.0
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temperatures would be lower such that the optimal reac-
tor temperature does not exceed its upper limit anytime.
In the present case, optimal reactor temperature is al-
ways well within the prescribed upper limit, which is
specified through Eq. (24). For time greater than zero,
the optimal value of reactor temperature exceeds that
for base case. Correspondingly, optimal monomer con-
version, for time greater than zero, is always higher than
the monomer conversion for base case.
The optimal number and weight average polymer

molecular weights (Mn and Mw) versus time are respec-
tively shown in Figs. 3 and 4 along with those for base
case. It is observed that optimal Mn as well as Mw values
are always lower than respectively those in base case. In
comparison to base case, the final values of optimal Mn

and Mw are reduced by about 42% and 36%, respec-
tively. This reduction indicates that optimal reactor tem-
perature, which is higher than the reactor temperature in
100
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base case, has favored the generation of polymer mole-
cules with smaller chain lengths.

6.2. Results for Objective 2

The optimal jacket temperature policy was deter-
mined, which minimizes batch polymerization time for
the specified, final monomer conversion of 70%. Shown
in Fig. 5, the optimal policy is again close to the maxi-
mum allowable reactor temperature of 80 �C; similar
to what was observed for Objective 1. Moreover, the
time-averaged value of optimal jacket temperature is
approximately same as that in case of Objective 1. This
similarity of optimal jacket temperature is reasonable
because the realization of each of Objectives 1 and 2 re-
quires the maximization of overall rate of monomer
conversion.
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Optimal reactor temperature, shown in Fig. 6, closely
follows optimal jacket temperature after the first control
stage. This behavior was observed earlier in case of
Objective 1. Corresponding to optimal jacket tempera-
ture, the optimal value of the operation time is
63.9 min, which is a reduction by 43% relative to base
case.

Fig. 7 shows optimal monomer conversion. For
Objectives 1 and 2, the conversion overlaps, and is al-
ways higher than that for base case. The optimal number
and weight average polymer molecular weights (Mn and
Mw) are respectively shown in Figs. 3 and 4. The changes
in monomer conversion, and average molecular weights
with time almost coincide with respectively those in case
of Objective 1. The reason is that corresponding optimal
reactor and jacket temperatures for Objective 1 and 2
are not much different, and are close to their upper limit.
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6.3. Results for Objective 3

The optimal jacket temperature policy was deter-
mined, which maximizes the final monomer conversion
with the specified final number average molecular weight
ðMn;fÞ of 6.7 · 104 g/mol. It may be noted that, as seen in
Fig. 3, this high value of Mn is not achievable in base
case. In general, the time needed to obtain polymer of
a specifiedMn;f increases with a decrease in reaction tem-
perature. To provide extended application time for opti-
mal control through jacket temperature, and to facilitate
higher monomer conversion during that time, the initial
temperature of reactor was set at a low value of 0 �C.
Furthermore, wider range (for lower values) was made
available to jacket temperature by reducing its lower
limit to �20 �C.

Fig. 5 shows the resulting optimal control policy for
jacket temperature, which spans 884.6 min of operation
time, and yields the final monomer conversion of 67.9%.
Although the lower limit for jacket temperature is
�20 �C, its lowest optimal value is above 25 �C. At the
beginning optimal jacket temperature is 35.5 �C, and rises
to 48.3 �C, which is the highest for all control stages. The
temperature declines later on. It is noticed that the third
control stage is of longer duration than other stages.
The reason is that control stages are equispaced over the
specified independent variable, Mn, which undergoes
the slowest change with time in the third control stage
(see Fig. 3). In fact, the rates of change of both Mn (Fig.
3) andMw (Fig. 4) with time are reduced in the third con-
trol stage. The rate of change ofMw is initially negative in
the third control stage. This behavior is due to the higher
optimal jacket and reactor temperatures in the third stage,
which favor the generation of polymer molecules with
smaller chain lengths. The trend of optimal jacket temper-
ature after the first control stage is closely followed by cor-
responding optimal reactor temperature as seen in Fig. 6.
The change in optimal monomer conversion with
time, as seen in Fig. 7, is very small up to the first half
of the third stage after which the conversion rises to
the final value of 67.9%.

6.4. Results for Objective 4

The optimal jacket temperature policy was deter-
mined, which maximizes the final monomer conversion
with the specified final weight average molecular weight
ðMw;fÞ of 1.5 · 105 g/mol. It may be noted again that, as
seen in Fig. 4, this high value of Mw is not achievable in
base case. Optimal control results for this objective were
obtained for the same initial reactor temperature, and
the lower limit of jacket temperature that were used
for Objective 3. The realization of the present optimal
control objective with high monomer conversions is
lower than the previous Objective 3. The reason is the
initial increase of Mw with time being higher than that
of Mn. This limitation results in polymerization that
meets the specification of Mw;f very quickly, thereby
reducing the time available for optimal control through
jacket temperature.
Fig. 5 shows the resulting optimal jacket temperature

versus time which spans 592.4 min of operation time, and
yields a final monomer conversion of 49.7%. This value
(as well as operation time) is lower than that for Objective
3, thereby indicating the effect of the above mentioned
limitation. The variation in optimal jacket temperature
with time is different from that in Objective 3. The tem-
perature is the highest in the first control stage after
which it declines except in the last stage. This trend is clo-
sely followed by optimal reactor temperature as seen in
Fig. 6. OptimalMn (Fig. 3),Mw (Fig. 4) for this objective
are observed to increase monotonically with time. The
change in optimal monomer conversion with time, as
seen in Fig. 7, is similar to that in case of Objective 3.
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7. Conclusion

The optimal control of MMA polymerization with a
bifunctional initiator was determined in a non-isother-
mal batch reaction with volume variation. The following
four optimal control objectives were realized: (i) maxi-
mization of monomer conversion in a specified opera-
tion time, (ii) minimization of operation time for
specified, final monomer conversion, (iii) maximization
of monomer conversion for a specified, final number
average polymer molecular weight, and (iv) maximiza-
tion of monomer conversion for a specified, final weight
average polymer molecular weight. The temperature of
heat-exchange fluid in jacket of reactor was utilized as
a control function of a specified independent variable.
The process constraints were maximum reactor temper-
ature, and the upper and lower limits to the temperature
of heat-exchange fluid.

The above objectives were formulated to help provide
wider choices for polymer production simultaneously
with the optimum efficiency of operation. Equations
were provided to suitably transform the model of batch
MMA polymerization with a bifunctional initiator in
the range of specified variable other than time, and to
evaluate the elements of Jacobian. Based on the model,
the four optimal control objectives were realized using
a robust method based on genetic algorithms. The results
of optimal control showed significant performance
improvements compared to base case without optimal
control.
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Appendix A. MMA polymerization kinetics

Based on the approach of Villalobos et al. [28], Gao
and Penlidis [29], and Dhib et al. [27], following is the
kinetics used in this work:

Chemical initiation:

I !2Kd1 R�
in þ eR�

in ð62Þ

R�
in þM !K1 R�

1 ð63Þ

eR�
in þM !K2 eR�

1 ð64Þ

eP l !
Kd2 R�

in þ R�
l; l P 1 ð65Þ

eeP l !
2Kd2 R�

in þ eR�
l; l P 1 ð66Þ
Propagation:

R�
l þM !

Kp
R�
lþ1; l P 1 ð67Þ

eR�
l þM !

Kp eR�
lþ1; l P 1 ð68Þ

Termination by combination:

R�
l þ R�

k !
Kt;c

P lþk ; l; k P 1 ð69Þ

R�
l þ eR�

k !
Kt;c eP lþk ; l; k P 1 ð70Þ

eR�
l þ eR�

k !
Kt;c eeP lþk ; l; k P 1 ð71Þ

Termination by disproportionation:

R�
l þ R�

k !
Kt;d

P l þ Pk ; l; k P 1 ð72Þ

R�
l þ eR�

k !
Kt;d

Pl þ eP k ; l; k P 1 ð73Þ

eR�
l þ eR�

k !
Kt;d eP l þ eP k ; l; k P 1 ð74Þ

Transfer to monomer:

R�
l þM !

Ktf;m
P l þ R�

1; l P 1 ð75Þ

eR�
l þM !

Ktf ;m eP l þ R�
1; l P 1 ð76Þ

Transfer to solvent:

R�
l þ S !

Ktf ;s
Pl þ R�

1; l P 1 ð77Þ

eR�
l þ S !

Ktf;s eP l þ R�
1; l P 1 ð78Þ

Transfer to inhibitor (or impurity):

R�
l þ Z !

Ktf;z
Pl þ Z �; l P 1 ð79Þ

R�
l þ Z !

Ktf;z eP l þ Z �; l P 1 ð80Þ
Appendix B. Rate coefficient for propagation

Rate coefficient for propagation is given by

Kp ¼ Kp;1 
 Kp;2 ½L=mol min
 ð81Þ

where, from Louie et al. [12]:

Kp;1 ¼ 2.95
 107


 exp
�2.1892
 103

T þ 273.15

� �
½L=mol min
 ð82Þ

from Schmidt and Ray [30]:

Kp;2 ¼
7.1
 10�5 expð171.53V fÞ; if V f < V fpc

1; if V f P V fpc

(
ð83Þ

V fpc ¼ 0.05 ð84Þ
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and from Ahn et al. [26]:

V f ¼ 0.025þ V f ;m þ V f ;p þ V f;s ð85Þ

V f ;m ¼ ðT � T g;mÞmMm 
 10�3

qm
ð86Þ

V f ;p ¼
ðT � T g;pÞðm0 � mÞMm 
 4.8
 10�4

qp
ð87Þ

V f ;s ¼
ðT � T g;sÞsM s 
 10�3

qs
ð88Þ
Appendix C. Rate coefficient for termination

Rate coefficient for termination is given by

K t ¼ K t;c þ K t;d ¼ K t;1 
 K t;2 ½L=mol min
 ð89Þ
where, from Kalfas et al. [24]:

K t;d

K t;c

¼ 1.49
 105 exp
�2.0498
 103

T þ 273.15

� �
ð90Þ

from Ahn et al. [26]:

K t;1 ¼ 3.12
 1010


 exp
�7.0156
 102

T þ 273.15

� �
½L=mol min
 ð91Þ

and from Schmidt and Ray [30]:

K t;2 ¼
2.3
 10�6 expð75V fÞ; if V f < V ftc

0.10575expð17.15V f � 0.01715T Þ; if V f P V ftc

(
ð92Þ

V ftc ¼ 0.1856� 2.965
 10�4T ð93Þ
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